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Abstract
The existence of bivariant Chern classes was conjectured by W. Fulton and R. MacPherson and proved
by J.-P. Brasselet for cellular morphisms of analytic varieties. However, its uniqueness has been unsolved
since then. In this paper we show that restricted to morphisms whose target varieties are possibly singular but
(rational) homology manifolds (such as orbifolds), the bivariant Chern classes (with rational coefficients)
are uniquely determined. We also discuss some related results and problems.
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Various characteristic classes of singular varieties have been introduced and studied by many
people. A fundamental and important one is the Chern–Schwartz–MacPherson class [13]. For a
complex algebraic or analytic variety X let F(X) be the abelian group of constructible func-
tions on X. Then the correspondence X → F(X) becomes a covariant functor. P. Deligne
and A. Grothendieck conjectured the existence and uniqueness of a natural transformation
c∗ :F → H∗ from the covariant functor F to the integral homology theory H∗ satisfying the
normalization that for a smooth variety X the value c∗(1X) of the characteristic function 1X
of X is equal to the Poincaré dual of the total Chern cohomology class c(T X) of the tangent
bundle TX of X. In [13] R. MacPherson solved this conjecture affirmatively. It turns out that
the MacPherson class corresponds to the Schwartz class [19,20] by the Alexander duality iso-
morphism [4]. That is a reason for the name of Chern–Schwartz–MacPherson class, at least for
complex varieties embeddable into manifolds.
In early 1980, in [8] W. Fulton and R. MacPherson introduced the notion of bivariant theory
which associates to a morphism an abelian group, unifying covariant and contravariant theories.
In particular, they asked if there exists a (unique) Grothendieck transformation γ :F → H from
the bivariant theory F of constructible functions to the bivariant homology theory H such that it
specializes to the original Chern–Schwartz–MacPherson class for a morphism to a point. Such a
transformation is called a bivariant Chern class for short.
In [3] J.-P. Brasselet shows that a bivariant Chern class exists for cellular morphisms be-
tween complex varieties embeddable into complex manifolds. Since then its uniqueness has
been unsolved. In [28] (also his original thesis [27]) J. Zhou showed that the bivariant Chern
class constructed by J.-P. Brasselet and the one constructed by C. Sabbah [17] in some cases are
identical for the morphisms whose target variety is a smooth curve. It is showed in [26] that in
the case when the target variety is nonsingular and of any dimension, the bivariant Chern class is
uniquely determined and explicitly described: if there exists a bivariant Chern class γ :F → H,
then for a morphism f :X → Y with Y being nonsingular and for a bivariant constructible func-
tion α ∈ F(X f−→ Y) the following holds:
γ (α) = f ∗s(T Y )∩ c∗(α)
with s(T Y ) := c∗(T Y )−1 the total Segre class of the tangent bundle T Y .
Here, the above equality needs a bit of explanation. The left-hand side γ (α) belongs to the
bivariant homology group H(X f−→ Y) and the right-hand side f ∗s(T Y ) ∩ c∗(α) belongs to the
homology group H∗(X), and this equality is up to the isomorphism
H
(
X
f−→ Y ) •[Y ]−−→∼= H(X → pt) A−−→∼= H∗(X),
where the first isomorphism is the bivariant product with the fundamental class [Y ] and the
second isomorphism A is the Alexander duality map. Since we usually identify H(X → pt) as
H∗(X) via this Alexander duality, from now on we ignore this Alexander duality isomorphism,
unless we have to mention it. Hence we have
γ (α) • [Y ] = f ∗s(T Y )∩ c∗(α).
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Y is singular but a suitable homology manifold. This follows from a bivariant-theoretic strong
orientation, the notion of which was introduced by W. Fulton and R. MacPherson [8]. Similarly
we can show the uniqueness of the Fulton–MacPherson’s bivariant Riemann–Roch with values
in the bivariant homology theory when the target variety Y is singular but a rational homology
manifold.
In [12] S. Kleiman and A. Thorup introduced the notion of CQ-orthocyclic scheme, which
was called Alexander scheme in A. Vistoli’s papers [23,24]. In this paper we show that X is
an Alexander scheme if and only if the fundamental class [X] of X is a strong orientation for
Fulton–MacPherson’s bivariant intersection theory. By observing this equivalence, we also show
the uniqueness theorem of Fulton–MacPherson’s bivariant Riemann–Roch with values in the
bivariant intersection theory.
2. Bivariant constructible functions and bivariant homology
For a general reference for bivariant theory, see the book by Fulton and MacPherson [8].
For a category C which has a final object pt and on which the fiber product is well defined,
a bivariant theory B on the category C with values in the category of abelian groups assigns to
each morphism
X
f−→ Y
in the category C a (graded) abelian group
B
(
X
f−→ Y )
which is equipped with the following three basic operations. Here one also has a class of so-
called confined morphisms, which is closed under composition and base change, and contains all
the identity maps.
• Product operations: For morphisms f :X → Y and g :Y → Z, the product operation
• :B(X f−→ Y )⊗B(Y g−→ Z)→ B(X gf−→ Z)
is defined.
• Pushforward operations: For morphisms f :X → Y and g :Y → Z with f confined, the
pushforward operation
f∗ :B
(
X
gf−→ Z)→ B(Y g−→ Z)
is defined.
• Pullback operations: For an independent square (which we assume to be Cartesian)
X′
g′
f ′
X
f
Y ′
g
Y,
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g∗ :B
(
X
f−→ Y )→ B(X′ f ′−→ Y ′)
is defined.
These three operations are required to satisfy the following seven natural compatibility axioms
(see [8, Part I, §2.2] for details):
(B-1) product is associative,
(B-2) pushforward is functorial,
(B-3) pullback is functorial,
(B-4) product and pushforward commute,
(B-5) product and pullback commute,
(B-6) pushforward and pullback commute, and
(B-7) projection formula.
B∗(X) := B(X → pt) becomes a covariant functor for confined maps and B∗(X) :=
B(X
id−→ X) becomes a contravariant functor.
Let B,B′ be two bivariant theories on two such categories C and C′. Let − :C → C′ be a
functor respecting the underlying structures. Then a Grothendieck transformation from B to B′
γ :B → B′
is a collection of homomorphisms
γf :B
(
X
f−→ Y )→ B′(X f−→ Y )
for a morphism X f−→ Y in the category C, which preserves the above three basic operations.
Note that using the target bivariant theory B′ one can define the abelian group
B′′
(
X
f−→ Y ) := B′(X f−→ Y ).
It turns out that B′′ becomes a bivariant theory on the category C with the obvious bivariant
operations. And the above Grothendieck transformation γ :B → B′ factors uniquely through the
tautological Grothendieck transformation γ taut :B → B′′. So, for the discussion of the existence
or uniqueness of a suitable Grothendieck transformation, it suffices to work out the case when
− :C→ C′ is the identity id :C→ C, which we consider from now on in the rest of the paper.
One important example for us is given by the theory of constructible functions. Let X be
a complex analytic (algebraic) set and let F(X) denote the abelian group of all the complex
analytically (algebraically) constructible functions on X. The association X 	→ F(X) becomes a
contravariant functor with the usual functional pullback. Moreover, for proper morphisms (which
are confined maps in this context), it also becomes a covariant functor with the pushforward f∗
defined by taking the weighted Euler–Poincaré characteristics fiberwise in the following sense:
J.-P. Brasselet et al. / Advances in Mathematics 210 (2007) 797–812 801f∗(α)(y) = χ
(
f−1(y);α) for α ∈ F(X),
χ(A;α) =
∑
n∈Z
nχ
(
A∩ α−1(n)).
Furthermore this becomes a bivariant theory as follows: For any morphism f :X → Y the group
sF(X → Y) is defined by
sF
(
X
f−→ Y ) := F(X)
and the three operations are defined as follows:
(i) The product operation
• : sF(X f−→ Y )⊗ sF(Y g−→ Z)→ sF(X gf−→ Z)
is defined by
α • β := α · f ∗β.
(ii) The pushforward operation for f proper
f∗ : sF
(
X
gf−→ Z)→ sF(Y g−→ Z)
is the pushforward
f∗ :F(X) → F(Y ).
(iii) For a fiber square (which is the independent square in this context)
X′
g′
f ′
X
f
Y ′
g
Y,
the pullback operation
g∗ : sF
(
X
f−→ Y )→ sF(X′ f ′−→ Y ′)
is the pullback
g′ ∗ :F(X) → F(X′).
Then sF becomes a bivariant theory and shall be called a simple bivariant theory of constructible
functions [18,25].
Fulton–MacPherson’s bivariant theory F of constructible functions is much more subtle and
requires some strong geometric or topological conditions coming from morphisms themselves.
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of all the constructible functions on X which satisfy the local Euler condition with respect to f ,
i.e., the condition that for any point x ∈ X and for any local embedding (X,x) → (CN,0) the
following equality holds:
α(x) = χ(B ∩ f−1(z);α),
where B is a sufficiently small open ball of the origin 0 with radius  and z is any point close
to f (x) (see [3,8,17]). The three operations on F are the same as in sF, i.e., F is a bivariant
subtheory of F . Note that F(X → pt) = F(X) and F(X idX−−→ X) consists of all locally constant
functions.
Let us recall briefly the definition of the Fulton–MacPherson bivariant homology theory H
constructed from the usual cohomology theory with values in a fixed commutative ring A (see
[8, §3.1]). For a morphism f :X → Y , choose a morphism φ :X → M to a smooth oriented
manifold M of real dimension n such that Φ := (f,φ) :X → Y × M is a closed embedding.
Then the ith bivariant homology group Hi (X f−→ Y) is defined by
Hi
(
X
f−→ Y ) := Hi+n(Y ×M,(Y ×M) \Xφ;A),
where Xφ = Φ(X).
It follows from the definition that if the target variety Y is nonsingular then the bivariant
homology group Hi (X f−→ Y) is isomorphic to the homology group H∗(X) by the Alexander
duality;
⋂
[Y ×M] :Hi(X f−→ Y ) ∼=−→ H∗(X).
In particular, this is the case if Y is a point.
The above isomorphism can be described in more details, as explained in the introduction:
H
(
X
f−→ Y ) •[Y ]−−→∼= H(X → pt) Alexander duality−−−−−−−−−→∼= H∗(X).
A bivariant Chern class is a Grothendieck transformation from the bivariant theory F of con-
structible functions to the bivariant homology theory H
γ :F → H
satisfying the normalization condition that for a nonsingular variety X and for the map π :
X → pt to a point pt
γ (1π ) = c(T X)∩ [X]
where 1π = 1X ∈ F(X) = F(X π−→ pt), c(T X) ∈ H ∗(X) is the total Chern class of the tangent
bundle TX and [X] ∈ H∗(X) is the fundamental class of X. For the existence of such a bivariant
Chern class (under some mild restrictions), we recall the following theorem:
Theorem 2.1. [3, Théorème, p. 10] For the category of embeddable analytic varieties with cel-
lular morphisms there exists a bivariant Chern class γ :F → H.
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(L) of X and Y , respectively, such that (i) the image of each cell of (K) is a cell of (L) and
(ii) the restriction of the interior of each cell is submersive. Any analytic map is “conjecturally”
cellular and no counterexample has been found so far. For example, it follows from a result of
B. Teissier [22] that an analytic map to a smooth curve is cellular (see [27, Lemme 2.2.5]). In the
rest of the paper, whether maps under consideration are cellular or not does not matter, since we
deal with the uniqueness of existing bivariant Chern classes or Grothendieck transformations.
In passing, as to the notion “triangulability,” which is a stronger notion than “cellularness,”
we make a remark. Note that by a recent solution of a conjecture of Thom by M. Shiota [21], any
proper analytic morphism which is so-called ‘sans éclatement’ is triangulable. In [16] C. Sabbah
showed that after a suitable base change, any proper analytic map can be made ‘sans éclatement.’
3. Strong orientations
First we recall the notion of strong orientation from [8].
Definition 3.1. An element θ ∈ B(X f−→ Y) is called a strong orientation for the morphism
f :X → Y if, for all morphisms h :W → X, the homomorphism
B
(
W
h−→ X) •θ−→ B(W f ◦h−−→ Y )
is an isomorphism. If B is graded and θ ∈ Bd(X f−→ Y), then we say that θ is of codimension d or
of dimension −d . If the morphism f has a strong orientation in the bivariant group B(X f−→ Y),
it is said to be strongly orientable with respect to the bivariant theory B.
Example 3.2. As observed in the previous section, for a morphism f :X → pt with X nonsingu-
lar, the fundamental class [X] ∈ H∗(X) ∼= H∗(X → pt) is a strong orientation since we have the
isomorphism
H
(
W
h−→ X) •[X]−−−→∼= H(W −→ pt).
Let C be the category of locally compact spaces with morphisms having finite cohomological
dimension. Let A be a fixed Noetherian ring (e.g., Z or Q) and let AX denote the constant sheaf
A on the space X. We set
SHiA
(
X
f−→ Y ) := Ri Hom(Rf!AX,AY ).
By Verdier duality, we have
Ri Hom(Rf!AX,AY ) = Ri Hom
(
AX,f
!AY
)= Hi(X,f !AY ).
This is a bivariant theory [8, §7.3.1], which shall be called the sheaf-theoretic bivariant homology
theory with coefficients in A and the bivariant homology theory H given in the previous section
is called the topological bivariant homology theory. And furthermore we have the following
theorem:
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Euclidean spaces, the above sheaf-theoretic bivariant theory is isomorphic to the topological
bivariant homology theory with coefficient in A:
SHiA
(
X
f−→ Y )∼= Hi(X f−→ Y )⊗A.
Since we have the following isomorphisms
SH−nA
(
X
f−→ Y )= R−n Hom(AX,f !AY )= R0 Hom(AX[n], f !AY ),
the above theorem simply means that the (topological) bivariant homology classes ϕ ∈
H−n(X f−→ Y)⊗A are in one-to-one correspondence with homomorphisms ϕ :AX[n] → f !AY .
As to the problem of strong orientability of a map, we have the following sheaf-theoretic
criterion:
Proposition 3.4. [8, §7.3.2, p. 85] A map f :X → Y has a strong orientation in SH−nA (X
f−→ Y)
if and only if f !AY is quasi-isomorphic to AX[n]. (Such a map is called homologically normally
nonsingular.)
Definition 3.5. (Cf. [2].) Let A be a Noetherian ring. A complex variety X is called an
A-homology manifold (of dimension 2n) or is said to be A-smooth if for all x ∈ X
Hi(X,X \ x;A) =
{
A, i = 2n,
0, otherwise.
Example 3.6. If A = Z, a Z-homology manifold is called simply a homology manifold (cf. [15]).
There are singular complex varieties which are homology manifolds. Such examples are (prod-
ucts of) suitable singular hypersurfaces with isolated singularities (see [14]). If A = Q, a Q-
manifold is called a rational homology manifold. As remarked in [2, §1.4 Rational homology
manifolds], examples of rational homology manifolds include surfaces with Kleinian singular-
ities, the moduli space for curves of a given genus, and more generally Satake’s V -manifolds
or orbifolds. In particular, the quotient of a nonsingular variety by a finite group is a rational
homology manifold.
Theorem 3.7. Let A be a Noetherian ring and let Y be a complex variety. The fundamental
class [Y ] ∈ H∗(Y ;A) ∼= H−∗(Y c−→ pt)⊗A is a strong orientation if and only if Y is an oriented
A-homology manifold.
Proof. We assume that Y is connected, since the proof below can be applied to each connected
component if Y is not connected.
Let us consider the constant map c :Y → pt to a point. We have the following isomorphism:
SH−2 dimC Y
(
Y
c−→ pt)= R−2 dimC Y Hom(AY , c!Apt)= R0 Hom(AY [2 dimC Y ], c!Apt).
Thus the topological bivariant homology classes
η ∈ H−2 dimC Y (Y c−→ pt)⊗A (= SH−2 dimC Y (Y c−→ pt))
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finition we have
H−2 dimC Y
(
Y
c−→ pt)∼= H2 dimC Y (Y ;A).
Since Y is connected by assumption, H2 dimC Y (Y ;A) is generated by the fundamental class [Y ],
i.e.,
H2 dimC Y (Y ;A) = A[Y ].
Thus the fundamental class [Y ] corresponds to a homomorphism
[Y ] :AY [2 dimC Y ] → c!Apt.
It follows from the proof of the above Proposition 3.4 that the fundamental class [Y ] is a strong
orientation if and only if the corresponding homomorphism [Y ] :AY [2 dimC Y ] → c!Apt is a
quasi-isomorphism. The complex c!Apt is, by definition, the dualizing complex DY ⊗A (or some-
times denoted by ωY ⊗A). Therefore the homomorphism [Y ] :AY [2 dimC Y ] → c!Apt = DY ⊗A
is a quasi-isomorphism if and only if for any p
H−p
(
AY [2 dimC Y ]
)∼= H−p(DY ⊗A);
in other words, for all y ∈ Y
H−p
(
AY [2 dimC Y ]
)
y
∼= H−p(DY ⊗A)y,
which means that for all y ∈ Y
H−p(DY ⊗A)y =
{
A, p = 2n,
0, otherwise.
Since we have the following isomorphism (e.g., see [9, Remarks on f ! and D·X])
H−p(DY ⊗A)y ∼= Hp(Y,Y \ y;A),
from the above arguments we get that the fundamental class [Y ] is a strong orientation if and
only if
Hi(Y,Y \ y;A) =
{
A, i = 2n,
0, otherwise,
which means that Y is an A-homology manifold of real dimension 2n. Then, in particular, Y is
of pure dimension (look at the regular part), and the orientation sheaf orY with stalk orY y =
H2n(Y,Y \ y;A) is constant; orY  AY , so that Y is an oriented A-homology manifold. 
Now, let us consider the Fulton–MacPherson operational bivariant Chow group theory with
Q-coefficients AQ(X → Y) [8], which is sometimes simply called the bivariant intersection
theory [7]. We consider a ground field k of characteristic zero. Then by Hironaka’s result [10] the
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fact in what follows.
In [12] S. Kleiman and A. Thorup introduced the notion of CQ-orthocyclic schemes and
A. Vistoli calls this scheme Alexander scheme in [23,24]. By resolution of singularities, it follows
from [23, (1.1) Definition and remarks after it, and (2.2) Definition] that we can simply define an
Alexander scheme as follows:
Definition 3.8. An algebraic variety Y over k is said to satisfy Alexander duality or it is called an
Alexander variety if the following evaluation homomorphism is an isomorphism:
evY :AQ(X → Y) → A(X)Q defined by evY (α) := α
([Y ]).
(Note that the value α([Y ]) is sometimes denoted by α ∩ [Y ].)
For a class ξ ∈ A(Y)Q, the canonical operational bivariant class cξ ∈ AQ(Y → pt) associated
to ξ can be defined as follows: For any morphism h :T → pt the homomorphism
cξ (h) :A(T )Q → A(T × Y)Q
is defined by
cξ (h)(δ) := δ × ξ.
In particular, for the fundamental class [Y ], the bivariant class c[Y ] is called the operational
bivariant fundamental class of Y .
Proposition 3.9. An algebraic variety Y is an Alexander variety if and only if the operational
bivariant fundamental class c[Y ] of Y is a strong orientation for the morphism Y → pt to a point
pt with respect to the operational bivariant Chow theory.
Proof. For each morphism X → Y we have the bivariant product
AQ(X → Y)⊗AQ(Y → pt) → AQ(X → pt),
which induces the homomorphism
•c[Y ] :AQ(X → Y) → AQ(X → pt).
Here we recall the fact [7, Proposition 17.3.1] that the following evaluation homomorphism
is an isomorphism:
φ :AQ(X → pt) → A(X)Q defined by φ(c) := c
([pt]) ∈ A(X)Q.
This isomorphism implies that the above evY :AQ(X → Y) → A(X)Q is an isomorphism if
and only if the homomorphism AQ(X → Y) •c[Y ]−−−→ AQ(X → pt) is an isomorphism. Therefore it
follows that an algebraic variety Y over k is an Alexander variety if and only if c[Y ] is a strong
orientation for the operational bivariant Chow group theory with Q-coefficients. 
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oriented rational homology manifold. For example, the quotient of a nonsingular variety by a
finite group is an Alexander variety [23, Proposition 2.11(i)].
4. The uniqueness of bivariant Chern class and bivariant Riemann–Roch
All the Grothendieck transformations constructed in [8] extend simple functors on the corre-
sponding contravariant functors, but there are few uniqueness theorems available (see [8, §10.9]).
However, the appeal to strong orientations gives us a uniqueness theorem:
Proposition 4.1. Let γ :B → B′ be a Grothendieck transformation. Suppose that for an object Y
there exists a morphism g :Y → Z such that
(i) there exists a bivariant element eg ∈ B(Y g−→ Z) satisfying that γg(eg) ∈ B′(Y g−→ Z) is a
strong orientation for the morphism g, and
(ii) for any morphism whose target object is Z, the homomorphism
γ :B(? → Z) → B′(? → Z)
is uniquely determined.
Then, for any morphism whose target object is Y the homomorphism
γ :B(? → Y) → B′(? → Y)
is uniquely determined.
Proof. For any element α ∈ B(X f−→ Y) we have
γg◦f (α • eg) = γf (α)•γg(eg).
Since •γg(eg) :B′(X → Y) → B′(X → Z) is an isomorphism and γg◦f :B(X g◦f−−→ Z) →
B′(X g◦f−−→ Z) is uniquely determined, it follows that γf (α) is uniquely described by
γf (α) =
(•γg(eg))−1(γg◦f (α • eg)). 
In what follows, the object Z will be a point.
Proposition 4.2. Let Y be a possibly singular analytic variety such that the morphism c :Y → pt
has a strong orientation θ ∈ H(Y → pt) = H∗(Y ) which is contained in the image of the Chern–
Schwartz–MacPherson class c∗ :F(Y ) → H∗(Y ). Then for any morphism f :X → Y a bivariant
Chern class
γf :F
(
X
f−→ Y )→ H(X f−→ Y )
is uniquely determined.
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H(X → pt) = H∗(X) is nothing but the Chern–Schwartz–MacPherson class homomorphism
c∗ :F(X) → H∗(X). It is because γX→pt is a natural transformation satisfying the normaliza-
tion condition and thus it has to be the Chern–Schwartz–MacPherson class c∗ :F(X) → H∗(X)
since it is unique (by resolution of singularities).
Since the strong orientation θ belongs to the image of c∗ :F(X) → H∗(X), there exists a
certain constructible function σθ ∈ F(Y ) (not necessarily uniquely determined) such that
θ = c∗(σθ ) = γY→pt(σθ ).
Now, for any bivariant constructible function α ∈ F(X f−→ Y) we have
γX→pt(α • σθ ) = γf (α) • γY→pt(σθ ),
which means that
c∗(α • σθ ) = γf (α) • θ.
Therefore it follows that
γf (α) = (•θ)−1
(
c∗(α • σθ )
)
,
namely, the homomorphism γf :F(X
f−→ Y) → H(X f−→ Y) is uniquely determined. 
Remark 4.3. Note that for any constructible function β ∈ F(Y ′) and a base change morphism
g :Y ′ → Y , we have
c∗(g∗α • β ′) = g∗
(
γf (α)
) • c∗(β ′).
Let ω ∈ H(X f−→ Y). If we can show the claim that g∗ω • c∗(β ′) = 0 for any g :Y ′ → Y and
β ′ ∈ F(Y ) implies ω = 0, then the uniqueness of γ :F → H would follow. Indeed, suppose that
there are two bivariant Chern classes γ, γ ′ :F → H, which implies that for any g :Y ′ → Y and
β ′ ∈ F(Y ) we have
c∗
(
g∗α • β ′)= g∗(γf (α)) • c∗(β ′) and c∗(g∗α • β ′)= g∗(γ ′f (α)) • c∗(β ′).
Therefore we have that
g∗
(
γf (α)− γ ′f (α)
) • c∗(β ′) = 0.
So, if we can show the above claim, then we get that γf (α) − γ ′f (α) = 0, i.e., γf (α) = γ ′f (α),
i.e., the uniqueness of the bivariant Chern class. At the moment we do not know how to prove
the above claim.
Let the analytic variety Y be an oriented A-homology manifold. Then the Poincaré duality
map
H ∗(Y )⊗A
⋂[Y ]−−−→ H2 dimC Y−∗(Y )⊗A
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c∗(1Y ) = c∗(Y ) ∩ [Y ]. Then the 0-degree part of c∗(Y ) is equal to one, so that the cohomology
class c∗(Y ) is invertible. In particular, c∗(Y ) ∩ [Y ] is also a strong orientation. Applying this
strong orientation to the above proposition we get the following
Theorem 4.4. Let Y be a complex analytic variety which is an oriented A-homology manifold. If
there exists a bivariant Chern class γ :F → H, then for any morphism f :X → Y the bivariant
Chern class γf :F(X
f−→ Y)⊗A → H(X f−→ Y)⊗A is uniquely determined and it is described by
γf (α) = f ∗c∗(Y )−1 ∩ c∗(α).
Proof. As explained in the introduction, what we have to do is to show that
γf (α) • [Y ] = f ∗c∗(Y )−1 ∩ c∗(α).
The proof goes as follows:
c∗(α) = c∗(α • 1Y )
= γf (α) • c∗(1Y )
= γf (α) •
(
c∗(Y ) • [Y ])
= (γf (α) • c∗(Y )) • [Y ]
= (f ∗c∗(Y ) • γf (α)) • [Y ]
= f ∗c∗(Y ) • (γf (α) • [Y ]).
Note that the equality γf (α) • c∗(Y ) = f ∗c∗(Y ) • γf (α) follows from the skew-commutativity
(see [8, §2.2]) of the bivariant homology theory and the degree of c∗(Y ) being even. Hence we
get that
γf (α) • [Y ] = f ∗c∗(Y )−1 • c∗(α) = f ∗c∗(Y )−1 ∩ c∗(α). 
Remark 4.5. We can paraphrase (the proof of) the above theorem in the context of the above
Proposition 4.1 as follows. On one hand c∗(α) = γf (α) • c∗(1Y ) implies that
γf (α) =
(•c∗(1Y ))−1(c∗(α)).
On the other hand, γf (α) • [Y ] = f ∗c∗(Y )−1 ∩ c∗(α) implies that
γf (α) =
(•[Y ])−1(f ∗c∗(Y )−1 ∩ c∗(α)).
In other words, we have the following equality:
(•c∗(1Y ))−1(c∗(α))= (•c∗(Y ) • [Y ])−1(c∗(α))
= (•[Y ])−1(f ∗c∗(Y )−1 ∩ c∗(α)).
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MacPherson’s bivariant Riemann–Roch theorem with values in the topological bivariant rational
homology, which is an extended version of [26, Theorem (3.7)]:
Theorem 4.6. The Grothendieck transformation
τ :Kalg → HQ
constructed in [8, Part II] is unique on morphisms whose target varieties are rational homol-
ogy manifolds. Explicitly, for a bivariant element α ∈ Kalg(X f−→ Y) with Y being a rational
homology manifold
τ(α) = f ∗td∗(Y )−1 ∩ τ∗
(
α • [OY ]
)
.
Here τ∗ : K( ) → H∗( ;Q) is the Baum–Fulton–MacPherson’s Riemann–Roch transformation
constructed in [1], td∗(Y ) ∈ H ∗(Y ;Q) is the Poincaré dual of the Todd class td∗(Y ) := τ∗(OY )
and is invertible, and [OY ] ∈ Kalg(Y → pt) = K(Y ) is the class of the structure sheaf.
Remark 4.7. Note that in the formula τ(α) = f ∗td∗(Y )−1 ∩ τ∗(α • OY ) of the above Theo-
rem 4.6, τ∗(α •OY ) cannot be τ∗(α) unlike in the above Theorem 4.4. This is due to the fact that
the homomorphism •OY :Kalg(X → Y) → Kalg(X → pt) = K(X) is not necessarily injective,
whereas in Theorem 4.4 the homomorphism •1Y :F(X → Y) → F(X → pt) = F(X) is just the
natural inclusion. The latter fact is in fact used in the proof of Theorem 4.4, i.e., in the equality
c∗(α) = c∗(α • 1Y ).
If we consider the bivariant Chern class with values in the operational bivariant Chern class,
we get the following uniqueness theorem in the algebraic context in characteristic zero:
Theorem 4.8. If there exists a bivariant Chern class γ :F → A with values in the bivariant
intersection theory A, then it is unique.
Proof. Consider a morphism f :X → Y . There exists a “smooth” envelope
π : Y˜ → Y.
Namely Y˜ is nonsingular and π : Y˜ → Y is an envelope (see [7] and [11, Remark 3.2]). Then for
the following fiber square
X˜
π˜
f˜
X
f
Y˜
π
Y,
the pullback
π∗ :A
(
X
f−→ Y )→ A(X˜ f˜−→ Y˜ )
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class γ :F → A and consider the bivariant intersection Chern class
γf (α) ∈ A
(
X
f−→ Y )
for α ∈ F(X f−→ Y). Then for the above smooth envelope π : Y˜ → Y the pullback
π∗γf (α) = γf˜
(
π∗α
)
is uniquely determined, because the base variety Y˜ is nonsingular, hence an Alexander variety
(which implies the uniqueness as in the above Theorem 4.4). Therefore the injectivity of the
pullback homomorphism
π∗ :A
(
X
f−→ Y )→ A(X˜ f˜−→ Y˜ )
implies that the bivariant class γf (α) is also uniquely determined. 
Remark 4.9. The operational bivariant Chow group theory treated in [5] (cf. [6]) is not the same
as Fulton–MacPherson’s bivariant intersection theory, but it is a bit coarser in the sense that the
compatibility with flat pullback is not required. However, just when it comes to the uniqueness of
such a Grothendieck transformation, the compatibility with flat pullback does not get involved at
all and the above Theorem 4.8 is already shown in [5] without using Chow envelopes. A similar
remark is applied to the following Theorem 4.10.
In the same way as in the above Theorem 4.8 we can show the following uniqueness the-
orem of the bivariant (intersection) Riemann–Roch transformation constructed in [7, Exam-
ple 18.3.16]. In [7] the ground field is of any characteristic, but here we consider only the
characteristic zero case, since resolution of singularities is used in our arguments.
Theorem 4.10. Fulton–MacPherson’s bivariant (intersection) Riemann–Roch transformation
τ :K → AQ constructed in [7, Example 18.3.16] is unique in characteristic zero.
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